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Abst rac t - -We propose structures for clusters of 69, 78, 88, 98, 107, 113, and 115 atoms that, 
although icosahedral in character, do not follow the so-called magic numbers equence. More impor- 
tant, these structures yield lower Lennard-Jones potential energy than the minimum reported in the 
literature. Our findings arose by linking a very simple heuristic with a local search algorithm. 
ieywords - -Atomic  cluster, Icosahedral structures, Lennard-Jones potential, Global optimiza- 
tion. 
1. INTRODUCTION 
The problem of determining the spatial conformation of an n-atoms cluster with minimum 
Lennard-Jones potential energy, when all atoms are of the same type, can be expressed as follows. 
n-1 ~n (r -12 -- r~6), where For i = 1 , . . . ,n ,  find points pi = (xi, yi, zi) minimizing )-~i=1 *-~j=i+l~ ~j 
r~j -- ~/(x~ - xj) 2 + (Yi - yj)2 + (zi - zj) 2 denotes the Euclidean distance between points p~ 
and pj. 
This problem has proved to be a very difficult one for nontrivial values of n. Apart  from the 
truly exceptional case of n = 38, for which a face centered cubic structure has produced the lowest 
known potential energy (first reported by the authors in [1,2], and recently in [3]), icosahedral 
configurations are found as being best, for all other values in the range 13 < n < 147 (see [4-7]). 
Moreover, since the early works of Mackay [8] and Hoare [9], there is a general bel ief--based 
both on intuition and on numerical results from mathematical  optimization techniques- - that  
icosahedral structures following the so-called magic numbers equence (1, 13, 55, 147, . . .  ) must 
yield the lowest energy geometries in the 13 < n < 500 size range [6,9]. 
However, because today there is not a rigorous proof for global optimality of the conformations 
obtained, the possibility of finding different structures with lower potential energy remains open. 
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In our search for better solutions in the range 55 < n < 147, we broke up the accepted magic 
numbers sequence by allowing the core of the structure to have less than the tabu figure of 
55 atoms, and by using a new and simple algorithm that we present in this paper, we succeeded 
to find novel structures for n -- 69, 78, 88, 98, 107, 113, and 115, with lower Lennard-Jones energy 
than any other proposed elsewhere to our knowledge. These results were first presented at the 
SIAM Conference on Optimization, held in Victoria, B.C., May 1996. Since then, we became 
aware of related results in [3]. The results in [3] corresponding to n -- 88, 98, coincide with ours, 
the energy we computed for the other values of n being lower. 
In next section, we succinctly explain the algorithm employed. This is followed by our numerical 
results in Section 3. We end the paper with a conclusions section. 
2. THE PEEL ING ALGORITHM 
The peeling algorithm starts with n = 146 and proceed ownwards to n = 56. Its main steps 
are very simple: 
(1) use as a starting basis the best known configuration with n + 1 atoms; 
(2) select a subset of atoms from the surface of this configuration; 
(3) peel off each of these atoms (one at a time) to get a configuration of n atoms, which in 
turn will be relaxed by means of a local search procedure; and 
(4) retain the configuration having the lowest energy among the relaxed n-atom configurations. 
In Step (2) above, in order to select the atoms in the cluster that are candidates to be peeled 
off, first note that the expression d-12 - d -~ attains a (unique) minimum at d* -- ~/2. Now, 
consider that an atom i is neighbour of atom j if and only if d* -e  _< rij _< d*+ e, where e ~ d*/12. 
Then, once the set of neighbours of each atom in the cluster has been determined, we consider 
that an atom is in the surface of the configuration whenever it has strictly less than twelve 
neighbours. Note that when an atomic cluster is embedded in an appropriate icosahedrai lattice 
(or in a face centered cubic lattice), no atom has more than twelve neighbours. 
In Step (3) above, any standard gradient routine can be used as the local search procedure. 
3. NUMERICAL  RESULTS 
Our implementation f the peeling algorithm allowed us to obtain seven structures with lower 
potential energy than any other reported so far in the literature. 
In Table 1, we present he potential energy values for our improved clusters. Also, we provide 
the total number of evaluations realized by the local minimizer. It can be verified that the peeling 
algorithm is not an expensive process, and hence, it seems a powerful tool to get better optima 
to this problem. The most striking fact about our results is that although the structures that we 
found follow indeed the icosahedral pattern, their core is not complete, i.e., it only has 54 atoms 
instead of the generally accepted figure of 55. This fact might contradict investigations indicating 
that, for small atomic clusters, all optimal structures are icosahedral in character and can be built 
according to the magic numbers equence. 
Following the useful schematic representation proposed by Northby [6], Figure 1 displays the 
seven starting icosahedral lattice configurations--labeled by the value of n--which lead to the 
minimal structures, once the local search procedure was applied. Each of the seven diagrams is a 
schematic view along a fivefold axis of an icosahedron, whose edges map onto straight lines and 
where sublattice sites are represented by small circles. The vertex at the "south pole" maps onto 
the circular ring of the border. Filled sites are represented by filled circles, and vacant sites by 
open circles. All sublattices are IC with the exception of the 69 and 78 clusters which are FC. 
4. CONCLUSIONS 
The icosahedral growing sequence, based in the magic numbers, appears to be no longer valid, as 
we have shown that cores of 54 atoms can yield lower Lennard-Jones potential energy structures. 
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n 
69 
78 
88 
98 
I07 
113 
115 
Table 1. 
Potential Energy Values 
Previously Struc- Present 
Published ture Work 
-359.8456 t FC -359.8826 
-414.681" IC -414.7944 
-478.9352* IC -479.0326? 
-543.5467* IC -543,6429t 
-601.9117" IC -602.0071 
-641.7003" IC -641.7947 
-655.6357* IC -655.7563 
tSee [31. *See [6]. 
Struc- 
t ure 
FC 
FC 
IC 
IC 
1C 
IC 
IC 
Number of 
Evaluations 
Function Gradmnt 
984 960 
131 129 
88 85 
58 51 
55 51 
54 51 
143 45 
lo 7 
113 115 
Figure 1. 
This natural ly  opens a question on whether 54-atoms cores might lead to addit ional lower energy 
configurations for cluster sizes in the range 55 < n < 147. Our study does not pretend to be 
exhaust ive in this sense. 
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As expected, the position of the missing atom in the cluster core is in all seven reported cases 
antipodal to the zone where the atoms of the outer shell lump together following symmetrical 
patterns. 
So far, most investigations base their growth sequences altering only the outer shell of the 
icosahedral configuration without touching at the cluster core. Here, we have learned that what 
perhaps has to be modified is the concept of outer shell, which could rather be defined as the one 
that is composed by all atoms having less than twelve neighbours. Indeed, it is by means of this 
modified concept hat we obtained cores of 54 atoms in our best configurations. 
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